Pearson Type VII as a Profile Shape Function and Optimization of Adjustable Parameter ‘m’ with the Aid of R(X) Lest by Gupta, Prabal Das & Mitra, G B
Indian J. Phys. 7 0 A  ( 2 ) ,  2 6 9 - 2 7 3  ( 1 9 9 6 )
NOT$
I J P  A
— an international journal
Pearson type VII as a profile shape function and 
optimization of adjustable parameter m  with the aid 
o iR (x )  test
Prabal Das Gupta and G B Mitra
Department of Central Scientific Services, Indian Association for the Cultivation of Science, 
Jadavpur, Calcutta-700 032, India
Received 27 June 1995, in c epted 24 November 1995
Abstract : Pearson type VII / e Y = Yq (l + X^/nur}  is widely used as a profile 
fitting function for the purpose of fitting observed peaks m an X-ray or powder neutron 
diffractogram. particularly m the field of Rietvcld studies In order to fit an experimentally 
observed peak with Pearson type VII, one needs the optimum value of m for which the said 
profile shape function fits best Pearson type VII is a broad spectrum analytical function, its 
shape changes from pure Lorentzian with m -  1 to pure Gaussian with m -  «*, through 
intermediate Lorentzian, modified Lorentzian and variable Lorentzian with m -  1 5, m -  2 and 
m = 2 ' «», respectively. Present author proposes a method for optimizing Pearson type Vll with 
the help of R(x) test [1,2J and tested its efficiency with experimentally observed data from 40% 
copper-nickel alloy
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R i e t v e l d  m e t h o d  [ 3 , 4 ]  o f  s t r u c t u r a l  s t u d y  is  b a s d d  u p o n  t h e  a s s u m p t i o n  t h a t  a l l  p e a k s  i n  a n  
X - r a y  o r  n e u t r o n  p o w d e r  d i f f r a c t o g r a m  c o u l d  b e  f i t t e d  t o  a  s i n g le  t y p e  o f  a n a l y t i c a l  
f u n c t i o n s  l i k e  G a u s s ia n ,  L o r e n t z i a n  o r  I n t e r m e d ia t e  L o r e n t z i a n  etc. T h e  p r e s e n t  a u t h o r s  
q u e s t i o n e d  i t s  v a l i d i t y  t i m e  a n d  a g a in  ( 1 , 2 , 5 - 7 ] ,  A  p r o b e ,  viz R(x) t e s t  w a s  i n t r o d u c e d  
[ 1 , 2 , 7 ]  t o  i n v e s t i g a t e  a n d  a s c e r t a in  t h e  n a t u r e  o f  a l l  t h e  p e a k s  i n  a  d i f f r a c t o g r a m  a n d  t h e  
m e t h o d o l o g y  is  d e s c r ib e d  i n  d e t a i l  e l s e w h e r e  [ 7 ] ,  H o w e v e r ,  i n  t h e  a b o v e  m e n t i o n e d  w o r k s ,  
P e a r s o n  t y p e  V I I  w a s  n o t  t a k e n  i n t o  a c c o u n t .
P r e s e n t  w o r k  n o t  o n l y  a p p l ie d  R(x) t e s t  t o  P e a r s o n  t y p e  V I I  f u n c t i o n ,  b u t  a l s o  f i n d s  a  
s i m p l e  m e t h o d  o f  o p t i m i z i n g  m w i t h  t h e  a id  o f  / ? ( * )  t e s t .
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T h e  m e t h o d  i n v o l v e s  d r a w i n g  o f  a n  e x p e r i m e n t a l l y  o b s e r v e d  R(x) versus x c u r v e ,  
f o l l o w e d  b y  m a t c h i n g  t h e  t h e o r e t i c a l  v a l u e s  o f  R(x) a t  x =  m ,/2  a ( w h e r e  2 a i s  t h e  
f u l l  w i d t h  a t  h a l f  m a x i m u m  i n t e n s i t y  f o r  a l l  p r a c t i c a l  p u r p o s e s )  f o r  d i f f e r e n t  i n t e g r a l  a n d  
h a l f  i n t e g r a l  v a l u e s  o f  m w i t h  t h e  e x p e r i m e n t a l  v a l u e s  o f  R(x) a t  x =  m^2.a  f o r  d i f f e r e n t  
v a l u e s  o f  m% e x c e p t  m =  j .  F r o m  t h e  b e s t  m a t c h  a m o n g  t h e s e  t w o  v a l u e s ,  o p t i m u m  m 
c o u l d  b e  a s c e r t a i n e d  t o  t h e  n e a r e s t  i n t e g r a l  o r  h a l f  i n t e g r a l  v a l u e s  ( e x c e p t  ^ ) .  O n c e  t h e  b e s t  
m a t c h  i s  o b t a i n e d ,  m c o u l d  b e  f u r t h e r  o p t i m i z e d  u s i n g  n u m e r i c a l  t e c h n i q u e  t o  o t h e r  
f r a c t i o n a l  v a l u e s .
M i t r a  [ 1 , 2 ]  s h o w e d  t h a t  t w o  f u n c t i o n s  R(x) a n d  Q(x) m a y  y i e l d  n e a r l y  i d e n t i c a l  
n u m e r i c a l  v a l u e s  o v e r  a  l a r g e  r a n g e  o f  a* so  t h a t  f i t t i n g  e i t h e r  f u n c t i o n  w i t h  e x p e r i m e n t a l l y  
o b s e r v e d  c u r v e  i s  o f t e n  e n i g m a t i c .  T o  o v e r c o m e  t h i s  p r o b l e m  M i t r a  i n n o v a t e d  t h e  R(x) t e s t  
w h e r e ,
/ ? ( * )  =  f  F(x)dx o r  f  Q(x)dx 
Jo Jo
a n d  s h o w e d  t h a t  f i t t i n g  t h e  e x p e r i m e n t a l l y  o b s e r v e d  R(x) vs x w i t h  t h e  t h e o r e t i c a l l y  d r a w n  
R(x) vs x c u r v e  i s  u n i q u e  a n d  n o n - a m b i g u o u s .
I n  t h i s  p a r t i c u l a r  c a s e ,  t h e  f u n c t i o n  i n  q u e s t i o n  i s  P e a r s o n  t y p e  V I I ,  g i v e n  b y
Y =  Y0 \ l + ^
ma
w h e r e  Y0 i s  t h e  p e a k  h e i g h t  a n d  c o u l d  b e  e q u a t e d  w i t h  u n i t y  w i t h o u t  d i s t u r b i n g  t h e  s h a p e  o f  
t h e  c u r v e .  F o r  K0 =  I ,  t h e  f u n c t i o n  Y c o u l d  b e  m u l t i p l i e d  b y  t h e  p e a k  h e i g h t  o f  t h e  
e x p e r i m e n t a l l y  o b s e r v e d  p e a k  t o  a c h i e v e  t h e  d e s i r e d  f i t ,  a n d  a i s  a  c o n s t a n t  w h i c h  c o u l d  b e  
c o n s i d e r e d  e q u a l  t o  ^  ( F W H M )  o f  t h e  e x p e r i m e n t a l l y  o b s e r v e d  p e a k  f o r  a l l  p r a c t i c a l  
p u r p o s e s .
Y = (1)
H e n c e , R(x) =  f  Ydx 
Jo (2)
P u t t i n g  
w e  g e t
= Z,
R(x) =  ( l  +  z 2 )  mdz.
N o w  p u t t i n g  z =  t a n  0 ,  w e  h a v e
R(x) = tn,/2'.a c o s (2 m  2 )  6 d9.
( 3 )
( 4 )
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T h i s  i n t e g r a l  c a n  b e  e a s i l y  e v a l u a t e d  w i t h  in =  1 , 1 . 5 ,  2 ,  2 . 5  etc. u p t o  6  o r  7 .  b e c a u s e  
P e a r s o n  t y p e  V I I  c o n v e r g e s  t o  G a u s s i a n  a t  x =  6  o r  7 .  H e n c e ,  t h e o r e t i c a l  R(x) f o r  a l l  
p o s s i b l e  m w i t h  i n t e g r a l  a n d  h a l f  i n t e g r a l  v a l u e s ,  c o u l d  b e  d r a w n  l o r  c o m p a r i s o n  w i t h  t h e  
e x p e r i m e n t a l  R{x).
N o w  t h e  q u e s t i o n  a r i s e s  f o r  w h i c h  m v a l u e ,  t h e  e x p e r i m e n t a l  c u r v e  f i t s  b e s t  
w i t h  t h e  t h e o r e t i c a l  P e a r s o n  t y p e  V I I .  O n e  m e t h o d  i s  t o  d r a w  R{x) vs x c u r v e s  f o r  
a l l  p o s s i b l e  m a n d  t o  c o m p a r e  t h e m  w i t h  e x p e r i m e n t a l  R(x) r . \  \  c u r v e ,  w h i c h  i s  
l a b o u r i o u s .
T h e  o t h e r  w a y  o u t  i s  t o  s o l v e  f o r  m f r o m  t h e  e q n s .  ( 5 )  a n d  ( 5 a )  g i v e n  b e l o w  | 8 ) .
L e t  2 m -  2 -  2 p o r  2  p +  1.
( i ) F o r  2m -  2  =  2 p ,
R(x) =  f c o s ^  
Jo
1
2 2/>-l
s i n ( 2 / ?  -  2k)x 
2 p -2 k . ( 5 )
1. . . .  r  ^  ~  o  i  t>f \ * ^  s i n ( 2 / ? - 2 A  +  l ) . *r„r2 ,„-2  = > + l. « , )  J -  2 p _ 2<. |  ■ <*■>
w h i c h  is  e x t r e m e l y  d i f f i c u l t  t o  w o r k o u t ,  i f  n o t  i m p o s s i b l e .
T h i s  p r o b l e m  h a s  b e e n  t a c k l e d  i n  a n  e l e g a n t  f a s h i o n  a s  f o l l o w s .
x
A t  c  =  1 =  — — — , i n t e g r a l  ( 4 )  c o u l d  b e  w r i t t e n  a s
m'l-M
R(x) =  m^2.a f  c o s f) 0 d6  w h e r e / ?  =  2m -  2.
Jo
N o w  t h i s  c a n  b e  c o m p a r e d  w i t h  t h e  s t a n d a r d  B e t a  f u n c t i o n  
r  I r * / 2
B(M , A O  =  f  km 1 . (1  -  x)N \  dx =  2  f  s i n (2 A /_ 1 )  O cos{2N n  0 d6  ( 6 )  
J o  Jo
o r
rnfl 1
s i n ( 2 M - , )  9 cosi2N- ])0 d 6  =  -  B(M,N) =
r(M ). r (N )  
2.T(M  + N)
( 7 )
I n  o u r  c a s e ,  t h e  i n t e g r a l  i s
?nf 2
rJo c o s ' '  9 d6 w h e r e p  =  2m -2 .
C o m p a r i n g  w i t h  ( 7 ) ,
W e  h a v e  2M -  1 =  0  a n d  2 N  -  1 =  p ,  h e n c e ,  M =  N =  - ^ 2
2 2
70A (2)-12
(*
) b
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fit/2
T h e r e f o r e ,  ml/2.a I c o s P 6. d6  =
Jo 2
W h e n  z =  1, jc =  m 1^  a  
T h i s  i d e n t i t y  c o u l d  b e  w r i t t e n  u s
R(x) t ir.•I i .-m1'- n
1 r(J)-r(m-4)-w‘'2 •«
2  / " (  a/? )
rim) . m  . a
( 8 )
( 9 )
T h e  b e s t  f i t  o f  t h i s  i d e n t i t y  ( 9 )  f o r  a  c h o s e n  * w ’ v a l u e  o p t i m i z e s  ‘ / w \
I n  c a s e  o f  2 2 0  r e f l e c t i o n  o f  4 0 %  C u - N i  a l l o y ,  ( d a t a  t a k e n  f r o m  M i t r a  a n d  
D a s g u p t a  [ 7 1 ,  t h e  b e s t  f i t  o f  e x p e r i m e n t a l  R(\) a t  x =  m^2.a w a s  o b s e r v e d  a t  m =  2 . 5 ,  g i v e n  
a =  0 . 8 1 ,  f o r  2 2 0  r e f l e c t i o n  f r o m  t h e  i d e n t i t y  ( 9 ) .  T h i s  w a s  f u r t h e r  c o r r o b o r a t e d  b y  
c o m p a r i n g  t h e  e x p e r i m e n t a l  R(\) w i t h  t h e  t h e o r e t i c a l  R(x) f o r  P e a r s o n  t y p e  V I I  w i t h  m =  2 . 5  
a s  s h o w n  i n  F i g u r e  1 . N o w  i t  i s  e v i d e n t  f r o m  F i g u r e  1 t h a t  t r u e  v a l u e  o f  m l i e s  i n  t h e  
v i c i n i t y  o f  2 . 5 .
Figure 1. Comparison of experimentally observed R (v) for 220 reflection of 40% Copper- 
Nickel alloy with the R{x) for Pearson type VII with m -  1.5 and 2 5.
T h e o r e t i c a l  R(x) vs x c u r v e s  w i t h  s e v e r a l  f r a c t i o n a l  m v a l u e s  i n  t h e  v i c i n i t y  o f  2 . 5  
w e r e  d r a w n  u s i n g  n u m e r i c a l  t e c h n i q u e  ( S i m p s o n ’s  |  r u l e )  a n d  t h e  b e s t  f i t  w a s  a c h e i v e d  a t  
m =  2 . 6  a s  s h o w n  i n  F i g u r e  2 .
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The method has one short eoming. Optimization method does not work for m = 0.5 
as the identity (9) is undefined at m = 0.5 as T(0) is undefined.
Figure 2. Comparison ol experimentally observed Mr) for 220reflection of 40% Copper-Nickel 
alloy with numerically calculated Kix) using Pearson type VII with m = 2 6
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